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INTRODUCTION
Various topological constructions have their metric counterparts; for
Ž w x.example, metric product corresponds to topological product see 6 and
Ž w x.metric inverse limit corresponds to topological inverse limit see 9, 10 .
The main subject of this paper is a metric counterpart of the topological
Ž w x w x.notion of quotient space see 2 or 3 . We restrict our consideration to a
compact metric space A and a very simple equivalence relation, with only
one nontrivial equivalence class C ; A. Then, evidently, the natural quo-
Ž Ž . w x.tient map p: A “ ArC defined by p x s x satisfies the condition
<p C is a singleton and p A R C is a topological embedding. 0.1Ž . Ž . Ž .
Topologists used to look at quotient space ``up to a homeomorphism'';
i.e., more precisely, they work with the category Top of topological spaces
and continuous maps. For geometers, it is important to choose a ``good''
representative of the topological type of ArC; this representative will be
Ž .the image of A under a map p satisfying 0.1 , with some nice geometricC
properties.
We shall keep in mind the following physical interpretation. Let A be a
soft body with a stone C inside. When the stone is cut out, the hole shrinks
to a point and the remaining part A R C changes its geometric shape. The
shape of the resulting body ArC depends not only on geoemtric proper-
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This interpretation justifies further restrictions. We assume that A is a
n  4subset of R , 0 g C, and A R C is homeomorphic to A R 0 . Then ArC
is homeomorphic to a subset of Rn and so we can look for a map pC
Ž . n n nsatisfying 0.1 , with values in R . Moreover, if p : R “ R satisfyingC
Ž .0.1 is independent of A, then it is reasonable to consider properties of A
invariant under p .C
w x ŽFollowing 3 , we shall refer to p as a quotient map an identification inC
w x.terminology of 2 .
wThe following theorem follows directly from 2, Theorem 7.7, p. 17 and
xTheorem 4.3, p. 126 .
THEOREM 0.1. Let C be a nonempty family of compact subsets of Rn
n n  4with 0 g C and R R C homeomorphic to R R 0 for e¤ery C g C , and let
Ž . n np be a quotient map with p C s 0. For e¤ery map f : R “ R preser¤ingC C
Ž .C , with f 0 s 0, and for e¤ery C g C , let
Ã y1 nf x [ p fp x for e¤ery x g R . 0.2Ž . Ž . Ž .f ŽC . C
Then








ÃŽ .ii if f is a homeomorphism, then so is f.
We shall work with the class of star bodies in Rn with nonnegative and
continuous radial maps. Section 1 concerns star bodies and star maps. In
Section 2 we define radial quotient maps and study corresponding quotient
Ž .bodies. In particular, we prove that the operation A, C ‹ ArC pre-
Ž .serves the class of intersection bodies of star bodies Corollary 2.8 .
Section 3 deals with the category Stn of star bodies and star maps, and
its subcategory Stn with star bodies whose radial functions are positive.q
We define and study a duality on this subcategory: a functor from Stn toq
Ž w x.itself which is an involution compare 11 .
We use the following notation: For affine independent points x , . . . , x0 k
n Ž .in R , the simplex with vertices x , . . . , x is denoted by D x , . . . , x ; in0 k 0 k
Ž .particular, if a, b are distinct points, then D a, b is the segment with
endpoints a, b.
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As usual, B n and Sny1 are the unit ball and the unit sphere, and k isn
the volume of B n. We denote by s the spherical Lebesgue measure on
ny1 ny1 Ž .S . For any u g S , the linear hyperplane orthogonal to u is
denoted by uH . For any convex body A ; Rn, its support function is
Ž . Ž . Ž .h A, ? , supporting hyperplane is H A, ? , and b A is the mean width of
A. The class of convex bodies in Rn is K n.0
w xFor basic notions of the category theory, see 8 .
1. STAR BODIES AND STAR MAPS
Ž wSince in the literature there are various notions of a star body see 4, p.
w x .18; 12 , p. 416 , we start from definitions: Let A be a nonempty compact
subset of Rn and a g A. Then, A is a body if and only if A s cl int A,
Ž .and A is star shaped at a if and only if D a, x ; A for every x g A.
For convenience, we shall assume that a s 0. The radial function D :A
n  4R R 0 “ R of a set A which is star shaped at 0 is defined by the
formula
< 4D x [ sup l G 0 l x g A .Ž .A
Ž Ž . Ž . .Sometimes, we write D A, x instead of D x . Obviously, D is homoge-A A
neous of degree y1.
A set A ; Rn will be called a star body whenever A is a body which is
star shaped at 0 and whose radial function restricted to Sny1 is continu-
ous.
Let us notice that this notion of star body is less general than that of
w xGardner 4 , since we assume that 0 g A and thus D G 0. Moreover,A
Gardner assumes only continuity of the restriction of radial function to its
support. On the other hand, our notion is more general than that of
w xSchneider 12 , since we do not require D ) 0; that is, we allow 0 toA
belong to bd A.
Let S n be the class of all the star bodies in Rn and let0
n n  4S s S j 0 . 41 0
We are looking for a possibly large group of transformation which preserve
S n and S n.0 1
DEFINITION 1.1. A map f : Rn “ Rn is a star map if and only if f is a
positively homogeneous homeomorphism.
Of course, the set of all the star maps of Rn is a group of transforma-
Ž . Ž .tions. We shall denote it by GS n general star maps .
The following is evident.
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Ž . n nPROPOSITION 1.2. If f g GS n and A g S , then for e¤ery x g R ,0
D f x s D x .Ž . Ž .Ž .f Ž A. A
The next statement is a direct consequence of Proposition 1.2.
PROPOSITION 1.3. The classes S n and S n are in¤ariant under star maps.0 1
Let us prove the following.
PROPOSITION 1.4. E¤ery two star bodies A , A with 0 in the interior are1 2
Ž . Ž .star equi¤alent; i.e., there exists g g GS n such that g A s A .1 2
Proof. Let A , A g S n. We define g : Rn “ Rn by the formula1 2 0
¡D xŽ .A2 ? x , if x / 0,~g x s 1.1D xŽ . Ž .Ž .A1¢
0, if x s 0.
Ž .It is clear that g g GS n .
Ž .Let us show that g A s A . Indeed, g is a homeomorphism and maps1 2
bd A onto bd A :1 2
x g bd A m D x s 1 m g x s D x ? xŽ . Ž . Ž .1 A A1 2
m D g x s 1 m g x g bd A .Ž . Ž .Ž .A 22
Ž . Ž .Evidently, GL n is a subgroup of GS n . As a consequence of Proposi-
tion 1.4, we obtain the following corollary:
Ž . Ž .COROLLARY 1.5. GL n is a proper subgroup of GS n .
Ž .Let us notice that the group GS n is generated by its two subgroups,
ny1 ny1SS n [ f g GS n f S s S 1.2Ž . Ž . Ž . Ž . 4
and
nRS n [ f g GS n ’l: R “ R , f x s l x ? x for every x .Ž . Ž . Ž . Ž . 4q
1.3Ž .
The first subgroup consists of spherical star maps, the star extensions of
homeomorphisms of Sny1 onto itself; the second subgroup consists of
radial star maps, the star extensions of central projections of Sny1.
Ž . Ž .PROPOSITION 1.6. For e¤ery f g GS n there exists g g RS n and h g
Ž .SS n such that f s gh. This decomposition is unique.
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Ž . Ž n.Proof. Let f g GS n and let A s f B . Then A is a star body with
Ž .0 g int A, and thus, by Proposition 1.4, there exists g g GS n such that
Ž ny1. Ž . ng S s bd A. The map g is defined by 1.1 for A s B and A s A,1 2
Ž .whence g g RS n .
Let
h [ gy1 f .
Then h is a star map preserving Sny1, and f s gh.
To prove the uniqueness of the decomposition of f , suppose that
f s g h s g h1 1 2 2
for some radial star maps g , g and spherical star maps h , h . Then1 2 1 2
y1 y1 Ž .g g s h h , where the left side belongs to RS n and the right side2 1 2 1
Ž .belongs to SS n . Since these two subgroups have only the identity map in
common, it follows that g s g and h s h .1 2 1 2
Every map f : Rn “ Rn preserving S n induces the map f#: S n “ S n1 1 1
defined by
f#: A ‹ f A .Ž .
w x nAccording to 4 , the radial metric d in S is defined by the formula1
d A , A s sup D u y D u .Ž . Ž . Ž .1 2 A A1 2
ny1ugS
Ž .THEOREM 1.7. If f g GS n , then f# is a Lipschitz map with respect to
Ž .the radial metric d . If , moreo¤er, f g SS n , then f# is an isometry.
Proof. Let A , A g S n. Then, by Proposition 1.2,1 2 1
d f# A , f# AŽ . Ž .Ž .1 2
s sup D u y D uŽ . Ž .f Ž A . f Ž A .1 2
ny1ugS
y1 y1s sup D f u y D f uŽ . Ž .Ž . Ž .A A1 2
ny1ugS
y1 y11 f u f uŽ . Ž .
s sup D y DA Ay1 y1 y11 2ž / ž /f u f u f uŽ . Ž . Ž .u
1
F sup ? d A , A ,Ž .1 2y1f uŽ .
Ž 5 y1Ž .5. y1 Ž . ny1where sup 1r f u - ‘, because f is a bijection, f 0 s 0, and S
is compact.
The second assertion is obvious.
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2. RADIAL QUOTIENT STAR BODIES
We shall consider the following family of maps of Rn onto itself.
DEFINITION 2.1. Let C g S n. We define p : Rn “ Rn by the formula1 C
0, if x g C ,
p x [Ž . nC ½ 1 y D x ? x , if x g R R int C.Ž .Ž .C
PROPOSITION 2.2. For e¤ery C g S n:1
Ž .i p is a quotient map;C
Ž . Ž . nii if A is a star body containing C and A / C, then p A g S .C 0
In view of Proposition 2.2, we shall refer to p as a radial quotient mapC
Ž .and to p A as a radial quotient star body of A. We shall use the symbolC
Ž .ArC also for p A .C
Let us note the following.
PROPOSITION 2.3. If A, C g S n and C ; A, then1
D ArC , x s D A , x y D C , xŽ . Ž . Ž .
n  4for e¤ery x g R R 0 .
< ny1 ny1Proof. It suffices to prove the assertion for D S . Let u g S and
x g bd A l pos u. Then0
5 5D p A , u s p x s 1 y D x ? xŽ . Ž . Ž .Ž . Ž .C C 0 C 0 0
x0
5 5s x y D s D u y D u .Ž . Ž .0 C A Cž /5 5x0
The following statement is a direct consequence of Proposition 2.3.
Ž . n n < 4 nCOROLLARY 2.4. The function F: A, C g S = S C ; A “ S1 1 1
defined by
F A , C s ArC 2.1Ž . Ž .
is continuous with respect to the radial metric d .
For a given C g S n, let1
n nS [ A g S A > C . 2.2 4 Ž .C 1
THEOREM 2.5. For e¤ery C g S n, there exists a homotopy1
c : Rn “ RnŽ . w xtg 0, 1t
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w xnsuch that c s id , c s p , and for e¤ery t g 0, 1 , the induced map0 R 1 C
Ž . n nc #: S “ S is an isometry with respect to d .t C 1
Proof. We define c : Rn “ Rn by the formulat
1 y t ? x , if x g C ,Ž .
c x sŽ .t ½ 1 y tD x ? x , if x f C.Ž .Ž .C
n w x Ž . Ž . nEvidently, c : R = 0, 1 2 x, t ‹ c x g R is continuous,t
c x , 0 s x , and c x , 1 s p x .Ž . Ž . Ž .C
w x nLet t g 0, 1 and A , A g S . We shall show that1 2 C
d A , A s d c A , c A . 2.3Ž . Ž . Ž . Ž .Ž .1 2 t 1 t 2
ny1  4 Ž . 5 5If u g S , i g 1, 2 , and a g bd A l pos u, then D A , u s ai i i i
and
5 51 y t a , if a g C ,Ž . i i
D c A , u s c a sŽ . Ž .Ž .t i t i ½ 5 51 y tD a a , if a f C.Ž .Ž .C i i i
Ž Ž ..5 5 5 5 Ž .Since 1 y tD a a s a y tD u and a , a g C implies a s a ,C i i i C 1 2 1 2
by easy calculation it follows that
0, if a , a g C ,1 2
D c A , u y D c A , u sŽ . Ž .Ž . Ž .t 1 t 2 ½ 5 5 5 5a y a , otherwise.1 2
Thus,
d c a , c A s sup D A , u y D A , u s d A , A ,Ž . Ž . Ž . Ž . Ž .Ž .t 1 t 2 1 2 1 2
ny1ugS
Ž .which proves 2.3 .
Let us observe that for every star map f the induced map f# is a
Ž .homomorphism with respect to the operation F defined by 2.1 :
Ž . nPROPOSITION 2.6. For e¤ery f g GS n and A, C g S with C ; A,1
f ArC s f A rf C .Ž . Ž . Ž .
Ž Ž .. Ž .Proof. Since f is positively homogeneous and D f x s D x , byf ŽC . C
Definition 2.1 it follows that
fp x s p f x for every x g Rn .Ž . Ž .Ž .C f ŽC .
The operation F is also invariant under the function I : S n “ S n, the1 1 1
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first of I , . . . , I , which are defined as follows: For every u g Sny1,1 ny1
Ä HD I A , u [ V A l u ,Ž . Ž .k k , ny1
where
1 kHÄV A l u s D A , ¤ ds ¤Ž . Ž . Ž .Hk , ny1
ny1 Hn y 1 S lu
 4 Ž w x w x. nfor any k g 1, . . . , n y 1 see 4 or 7 . If A g S , then I A is called0 k
the intersection body of order k of the star body A.
THEOREM 2.7. For e¤ery A, C g S n with C ; A,1
I ArC s I ArI C.Ž .1 1 1
Proof. By Proposition 2.3, for every affine subspace E in Rn,
ArC l E s A l E r C l E . 2.4Ž . Ž . Ž . Ž .
ny1 Ž . HLet u g S . Using Proposition 2.3 combined with 2.4 for E s u ,
we obtain
D I ArC , u s D I ArI C , u .Ž . Ž .Ž .1 1 1
w x  4As was noticed in 4, Note 8.3, p. 305 , for any k g 1, . . . , n y 1 , a set
A is the intersection body of order k of a star body if and only if A is the
intersection body of a star body. Thus Theorem 2.7 yields the following
corollary:
COROLLARY 2.8. Let A, C g S n and C ; A. If A and C are the intersec-1
tion bodies of some star bodies, then so is ArC.
Corollary 2.8 can be useful in geometric tomography, where the inter-
section bodies play an essential role. See, for instance, Theorem 8.2.8 of
w x4 , which gives an answer to the question whether
V A l uH F V A l uH for every u g Sny1Ž . Ž .ny1 1 ny1 2
Ž . Ž .implies V A F V A . According to that theorem, the answer is posi-n 1 n 2
tive when A is the intersection body of a star body.1
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3. CATEGORICAL APPROACH. DUALITY OF
STAR BODIES
Let Stn be the category whose objects are star bodies in Rn:
Ob Stn s S n ,0
n nŽ .and for every A , A g S the set of morphisms, St A , A , consists of1 2 0 1 2
star maps sending A to A . Furthermore, let Stn be the category with the1 2 2
class of objects
n n nOb St s A , C g S = S C ; A / CŽ . 42 0 0
and with morphisms being suitable star maps. The function F: Ob Stn “2
n Ž .S defined by 2.1 can be extended to a functor:0
PROPOSITION 3.1. The formulae
F A , C [ ArC for A , C g S nŽ . 0
and
Ã nF f [ f for f g St A , C , A , CŽ . Ž . Ž .Ž .2 1 1 2 2
w Ž .x n nsee 0.2 define a co¤ariant functor F: St “ St , such that any morphism2
and its image under F are restrictions of the same star map.
ÃProof. In view of Theorem 0.1, it suffices to show that f s f for every
Ž . n  4f g GS n . It is easy to check that, for every x g R R 0 ,
py1 x s 1 q D x ? xŽ . Ž .Ž .C C
and
p b x s b y D x ? xŽ . Ž .Ž .C C
for every b g R. Thus,
Ã y1f x s p fp x s p f 1 q D x ? xŽ . Ž . Ž .Ž .Ž .f ŽC . C f ŽC . C
s p 1 q D x f x s 1 q D x y D f x f xŽ . Ž . Ž . Ž . Ž .Ž .Ž .Ž . Ž .f ŽC . C C f ŽC .
s f x .Ž .
Given a category C of star bodies, it is natural to look for a duality in
this category, that is, a functor from C to itself being an involution
Ž w x.compare 11 . In what follows we shall restrict our consideration to star
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Ž .bodies with positive radial function i.e., with the origin in the interior .
Let Stn be the corresponding full subcategory of Stn.q
n nLet i be the inversion of the one-point compactification R of R , with
respect to Sny1:
x
n  4i x [ for x g R R 0 . 3.1Ž . Ž .25 5x
DEFINITION 3.2. For every object A of Stn ,q
A8 s cl Rn R i A ;Ž .Ž .
Ž .for every f g GS n ,
< nf8 [ i f i R .
Let us note the following.
PROPOSITION 3.3. Let A g S n and 0 g int A. Then A8 g S n and for0 0
e¤ery u g Sny1,
1
D A8, u s .Ž .
D A , uŽ .
Proof. By Definition 3.2, A8 is a star body and
5 5D A8, u s a ,Ž .
Ž n Ž .. Ž n . Ž .where a g bd R R i A l pos u. Since bd R R A s i bd A , it follows
Ž .that i a g bd A l pos u, and thus
i a s D A , u .Ž . Ž .
Ž .By 3.1 , this completes the proof.
THEOREM 3.4. The pair of functions A ‹ A8, f ‹ f8 is a co¤ariant
functor from Stn to itself such thatq
A88 s A and f88 s f 3.2Ž .
for e¤ery A and f.
Moreo¤er,
A ; B « B8 ; A8. 3.3Ž .
Proof. By Proposition 3.3, if A is a star body with 0 in the interior, then
Ž . Ž .so is A8. Let f g GS n and f A s B. Then
f8 g GS n , 3.4Ž . Ž .
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because f8 is a homeomorphism of Rn and for every positive a ,
1
f8 a x s i f i a x s f i x s a i f i x s a f8 x .Ž . Ž . Ž . Ž . Ž .ž /a
Moreover,
f8 A8 s B8, 3.5Ž . Ž .
because
f8 A8 s i f i cl Rn R i A s cl Rn R if A s f A 8.Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž .
Ž . Ž .By 3.4 and 3.5 , we have a covariant functor.
Furthermore,
A88 s cl Rn R i A8 s cl Rn R i cl Rn R i AŽ . Ž .Ž . Ž .Ž .Ž .
s Rn R i int cl Rn R i A s A ,Ž .Ž .Ž .
since f and i are homeomorphisms, 0 g int A, and i is an involution.
Ž . Ž .Evidently, f88 s f. This proves 3.2 . By similar arguments, 3.3 holds.
By Theorem 3.4, the pair of functions A ‹ A8, f ‹ f8 is a duality. We
shall refer to this functor as the star duality.
For a convex body A with the origin in the interior, there is a simple
connection between polar dual A* and star dual A8.
THEOREM 3.5. If A g K n and 0 g int A, then0
knÄV A8 s ? b A* .Ž . Ž .1 2
w xProof. By Proposition 3.4 and Remark 1.7.7 in 12 ,
D A8, u s h A*, u for every u g Sny1. 3.6Ž . Ž . Ž .
Ž . w xHence, by the formula 1.7.2 in 12 ,
1 1ÄV A8 s D A8, u ds u s h A*, u ds uŽ . Ž . Ž . Ž . Ž .H H1
ny1 ny1n nS S
kns ? b A* .Ž .
2
Generally, star dual of a convex body is different from its polar dual; see
Fig. 1.
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FIG. 1. A, big square; A*, small square; A8, flower.
THEOREM 3.6. Let n G 2. For e¤ery A g K n with 0 g int A, the follow-0
ing are equi¤alent:
Ž .i A8 s A*;
Ž .ii A is a centered ball.
Ž . Ž .Proof. ii « i is obvious.
Ž . Ž .Assume i . Then, by 3.6 ,
D A*, u s h A*, u for every u g Sny1Ž . Ž .
and thus
pos u l bd A* ; H A*, u .Ž .
As a consequence, bd A* is of the class C1.
Ž .Since E l A8 s E l A 8 for every two-dimensional linear subspace E,
without any loss of generality we may assume that n s 2.
Let r : R “ bd A* be the parametrization of bd A* in polar coordinates,
r t s D t ? u t ,Ž . Ž . Ž .
Ž . Ž Ž .. Ž . Ž . ² Ž . Ž .:where D t s D A*, u t and u t s cos t, sin t . Then r t , r 9 t s 0
for every t; i.e., D ? D9 s 0. Hence D9 s 0 and thus D is constant, and soA*
is D . This completes the proof.A
Ž . w xThe following statement is an analogue of the conjecture 7.4.33 in 12 ,
concerning the polar duality of convex bodies.
THEOREM 3.7. Let A be a star body in Rn with 0 g int A. For any
p, q ) 0 with 1rp q 1rq s 1,
py1 pÄ ÄV A8 ? V A G k . 3.7Ž . Ž . Ž .p q n
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In particular,
Ä Ä 2V A8 ? V A G k . 3.8Ž . Ž . Ž .2 2 n
Ž . Ž .The equality in 3.7 or 3.8 holds if and only if A is a centered ball.
Ž .Proof. Since D ? D s 1 see Proposition 3.3 , by the Holder inequal-ÈA8 A
ity,
nk s s Sny1 s D D dsŽ . Hn A8 A
ny1S
1rp 1rq
p qF D ds ? D dsŽ . Ž .H HA A0ž / ž /ny1 ny1S S
1rp 1rq Ž .1rp py1 rpÄ Ä Ä Äs nV A8 ? nV A s nV A8 ? V A .Ž . Ž . Ž . Ž .ž / ž /p q p q
Ž . Ž .This implies 3.7 and 3.8 .
The equality holds if and only if there exists a ) 0 such that D s aD .A8 A
This happens if and only if A is a centered ball.
Finally, let us return to the notion of intersection body of order k. It has
Ž w x.been defined only for k ) 0 see 4, Note 8.3 , but its definition can be
automatically extended over k - 0. The following statement is evident:
3.8. For e¤ery star body A with 0 g int A,
I A s I A8 .Ž .yk k
There is a relationship between star duality and the operation I :k
< <  4 nTHEOREM 3.9. Let k g 1, . . . , n y 1 , A g S , and 0 g int A. Then0
k 2 ? I A 8 ; I A8 3.9Ž . Ž . Ž .ny1 k k
and equality holds if and only if A is a centered ball.
Ž . Ž .Proof. Let X [ I A and Y [ I A8 . Then 3.9 is equivalent to thek k
condition
k 2 D X8, u F D Y , u for every u g Sny1 ,Ž . Ž .ny1
which, in view of Proposition 3.3, can be rewritten as
k 2 F D ? D . 3.10Ž .ny1 X Y
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Using the definition of I , the Holder inequality, and Proposition 3.3, weÈk
obtain
D u ? D uŽ . Ž .X Y
1 k ks D ¤ ds ¤ ? D ¤ ds ¤Ž . Ž . Ž . Ž .H HA A82 ny1 H ny1 HS lu S lun y 1Ž .
21
2G 1 ds ¤ s k .Ž .H ny12 ž /ny1 HS lun y 1Ž .
Ž .Thus 3.10 is satisfied.
Ž .The equality in 3.9 holds if and only if it holds in the Holder inequalityÈ
Ž .k r2 Ž .k r2for the functions D and D ; hence, by Proposition 3.3, it holds ifA A8
and only if D is constant. This completes the proof.A
Let us observe that, in view of Proposition 3.3, if I is replaced by thek
Ž .y1 Ž .proportional function J [ k I , then condition 3.9 can be ex-k ny1 k
pressed in the more elegant form
J A 8 ; J A8 . 3.99Ž . Ž . Ž .k k
4. FINAL REMARKS
A. The Classification Problem
To every A g S n we assign the subset S of the unit sphere:0 A
ny1S s u g S D u ) 0 . 4.1Ž . Ž . 4A A
n Ž .THEOREM 4.1. Let A , A g S . If there exists f g GS n such that1 2 0
Ž .f A s A , then S is homeomorphic to S .1 2 A A1 2
Proof. If S s Sny1, then also S s Sny1 and the assertion is trivial.A A1 2ny1  4Let S R S / B and let g : S “ bd A R 0 be the central projec-A i A i1 i
tion for i s 1, 2:
g u s D u ? u.Ž . Ž .i A i
Clearly, g and g are homeomorphisms. Thus, setting1 2
y1h u s g fg u for u g S ,Ž . Ž . Ž .2 1 A1
we obtain a homeomorphism h: S “ S , as required.A A1 2
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The following problem is open.
Problem 1. Is the existence of a homeomorphism of S onto SA A1 2
sufficient for A , A to be star equivalent?1 2
B. Topological Properties of Star Bodies
w xWhile, evidently, star bodies in the sense of 12 are homeomorphic to
B n, the elements of S n are retracts of B n and thus they are absolute0
Ž w x.retracts see 1 :
PROPOSITION 4.2. If A g S n, then A is an absolute retract.0
Proof. Of course, without any loss of generality we may assume that
A ; B n. Let us define r : B n “ A by the formula
xD x , if x g B n R A ,Ž .Ar x sŽ . ½ x , if x g A.
Then r is continuous, because
 4xD x s x for x g bd A _ 0 ,Ž .A
and
x
xD x s uD u for u s ,Ž . Ž .A A 5 5x
Ž .where D u “ 0 if x “ 0 g bd A.A
<Thus, r is a retraction, since r A s id. This completes the proof.
C. Con¤ex Quotient Bodies
It is easy to see that, for convex bodies A, C with 0 g C ; A, the
quotient star body ArC generally need not be convex, but sometimes is
convex; for instance, homothetic convex bodies have convex quotient
bodies:
PROPOSITION 4.3. Let A, C g K n and C ; A. If A s lC for some0
l ) 1, then ArC g K n.0
Ž . n Ž .Proof. Let f x s l x for every x g R . Then f g GS n ; thus, by
Proposition 1.2,
D l x s D f x s D xŽ . Ž . Ž .Ž .A f ŽC . C
for every x / 0. Since D is homogeneous of degree y1, it follows thatA
Ž . Ž . Ž .1rl D x s D x . This, together with Proposition 2.3, impliesA C
D x s l y 1 D x .Ž . Ž . Ž .A r C C
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Ž .Thus, D s D and consequently ArC s l y 1 C. Hence ArC gA r C Žly1.C
nK .0
Ž . nProblem 2. What can be said about the pairs A, C in K with convex0
ArC?
A contribution to this problem will be the subject of a separate paper, by
ÇTomasz Zukowski.
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